Abstract. Let k be a field, and let a, b, c be three elements in k × . The nonsingular projective plane curve X defined over k with equation
Jacobi Sums
In the following, n is a prime number, and k = F q is a finite field with q elements of characteristic p such that q ≡ 1 (mod n).
We denote by L = Q(ζ) the cyclotomic field of level n, where ζ = ζ n = e 2iπ/n , and by µ n (L) the group of nth roots of unity in L. The Galois group Gal(L/Q) is equal to g = (Z/nZ) × : if t ∈ g, we denote by σ t the Q-automorphism of L mapping ζ to ζ t . There are n − 1 nonprincipal characters of k × of order n, permuted by g. In what follows, we denote by χ such a character. If the Jacobi sum associated to a couple (r, s) ∈ G is j(r, s) = − x+y=1 χ(x) r χ(y) s , where x and y belongs to k × (note the minus sign). Any character of k × is extended to k by χ(0) = 0 (resp. χ(0) = 1) if χ is nonprincipal (resp., principal). Under these conventions, j(r, s) = − x∈k χ(x r (1 − x) s ).
If (r, s) ∈ G, the sum j(r, s) belongs to the ring Z[ζ] of integers of L. The multiplication defines a natural action of g on G:
t.(r, s) = (tr, ts), t ∈ g, (r, s) ∈ G.
The orbit g.(r, s) of a nonzero element (r, s) ∈ G has n−1 elements, and the group G is the disjoint union of {1} and these n + 1 orbits. On the other hand, if x ∈ k × , then σ t .χ(x) = χ(x) t ; hence σ t .j(r, s) = j(t.(r, s)),
the Galois action of g on Jacobi sums is identical to the natural action on G, and the orbit {j(r, s), σ 2 .j(r, s), . . . , σ n−1 .j(r, s)} does not depend on the choice of the character χ. The set
is a disjoint union of n − 2 orbits under g, and a system of representatives of A modulo g is given by the set of couples (1, r) with 1 ≤ r ≤ n − 2. If (r, s) ∈ A, then a classical result [BEW98, Th. 2.1.3, p. 59] asserts that
These two involutions generate a group isomorphic to the symmetric group
If (r, s) ∈ A and τ ∈ S 3 , then [BEW98, Th. 2.1.5, p. 59]
Finally, we recall Ihara's congruence [Iha86, Cor. to Th. 7, p. 81]: if n > 3 and (r, s) ∈ A, then
Example 1. If n = 7, the set A is the union of the following 5 orbits:
g.(1, 2) : ± (1, 2), ±(2, 4), ±(4, 1);
On the other hand, (1) implies
From this we derive
and if (r, s) runs over A, the set of Jacobi sums j(r, s) splits into two orbits under g. Moreover χ(−1) = 1, since χ(−1) 7 = 1, and since
Ihara's congruence implies
Faddeev Curves
If X is a nonsingular projective curve of genus g defined over k, we denote by Z(X, T ) the zeta function of X, so that
,
is a polynomial of degree 2g. A family ω 1 , . . . , ω 2g of complex numbers satisfies
if and only if
where k m is the extension of degree m of k. The Jacobian J X of X is an abelian variety of dimension g defined over k, and
Let (r, s) ∈ A, and let a and b be two elements of k × . The Faddeev curve F r,s n = F r,s n (a, b) is the nonsingular projective model of the affine plane curve defined over k with equation
These curves were introduced in [Fad61] . We are going to calculate the number of points of the Faddeev curves, following the method used by Davenport-Hasse [DH34a] for the curves
The following result appears in [GR78] if a = b = 1 in a slightly different way. We found it worthwhile to give a proof.
The numerator of the zeta function of F r,s n is
Recall that σ t .β(r, s) = β(tr, ts) for every t ∈ g and
Denote by Y the affine plane curve with equation (3). Then
and this implies
ts).
If χ 1 et χ 2 are two characters of k × , we put
so that J(χ r , χ s ) = β(r, s). If one replaces k by k m and χ by χ • N m , where N m is the norm map of the extension k m /k, then the preceding formula becomes
in view of the Hasse-Davenport relation, (see [DH34a] or [BEW98, Cor. 11.5.3,
From (4), we obtain, by a routine calculation,
and if the numerator of the zeta function of any irreducible curve is given, one obtains the numerator of the zeta function of its projective nonsingular model by simply deleting the factors whose roots have modulus 1 [AP96, Th. 2.1]. In the present case, we get
(1 − β(tr, ts)T ), and this formula is equivalent to the statement of the proposition.
Remark 1. Proposition 1 shows that the curve F n has a unique point at infinity. Remark 2. As observed in [GR78] , the Jacobian of F r,s n has a rational point of order n: if we define the nonprincipal degree zero rational divisors
We shall use Faddeev curves in a slightly different form. If a, b, c ∈ k × and (r, s) ∈ A, we denote by G r,s n = G r,s n (a, b, c) the curve that is the projective nonsingular model of the complete intersection in P 3 defined by the system
The rational mapping
defines an isomorphism of G r,s n (a, b, c) onto the plane projective curve with equation 
If (r, s) ∈ A, we put
ω(r, s) = c(r, s)j(r, s), so that σ t .ω(r, s) = ω(tr, ts) for every t ∈ g. Now Proposition 1 implies that, for every (r, s) ∈ A,
In fact, the rational map
n , from which we derive an isogeny from the Jacobian of G r,s n to a factor of the Jacobian of F n . We get all the subcoverings of F n in this way, see [GR78] .
Forms of the Klein Quartic
If d ∈ k × , we denote by X(d) the nonsingular projective quartic curve defined over k with equation dx 3 y + y 3 z + z 3 x = 0, so that the Klein quartic is the curve X(1). More generally, if a, b, c ∈ k × , we denote by X(a, b, c) the quartic ax 3 y + by 3 z + cz 3 x = 0.
Recall that G 1,2 7 (a, b, c) is defined by
Then there is an isomorphism, defined over k,
induced by the transformation
with left inverse (x :
The quartic X(a, b, c) is a subcovering of the form of the Fermat curve F 7 (a, b, c) given by ax 7 + by 7 + cz 7 = 0.
To see this, it suffices to check that the map defines a morphism overk:
One can be more precise. Generally speaking, let
be an isomorphism, defined over an extension k of k, of a curve X to a curve Y , both defined over k. Then Y is called a k /k-form of X.
Proposition 2. With the preceding notations: 
, the curves X(d 1 ) and X(d 2 ) are isomorphic over k, which is one part of the statement made in (iii), and (ii) follows as well from this. Now let Y be a k /k-form of the Klein quartic, together with an isomorphism ϕ :
The map s → a ϕ (s) defines a cocycle of H 1 (k /k, Aut X), see [Ser68, p. 161] . Two forms are isomorphic over k if and only if they define the same cocycle.
Let us calculate the cocycle a δ corresponding to the isomorphism
If s is the Frobenius isomorphism of Gal(k /k), then
If we now take d 1 , δ 1 , d 2 , δ 2 with notation as above, then a δ1 = a δ2 if and only if
Remark 4. For any projective nonsingular curve X, there is a bijection of the set of k-isomorphism classes of k /k-forms of X onto the pointed set of Galois cohomology H 1 (k /k, Aut(X/k)), see [Ser68] . If X is the Klein quartic, then Aut(X/k) is the simple group PSL(2, F 7 ). By Proposition 2 below, the curves X(a, b, c) are k /kforms of the Klein quartic, where [k : k] = 1 or 7. A system of representatives of k-isomorphism classes of these curves is given by the curves X(d), where d runs over a system of representatives of k × /k ×7 . This group is of order 7, since the map x → x (q−1)/7 defines an isomorphism from k × /k ×7 to the group µ 7 (k) of 7th roots of unity in k and is isomorphic to H 1 (k /k, µ 7 ). From this one can find that the subset of forms X(d) corresponds to the subset
defined by a suitable inclusion µ 7 ⊂ PSL(2, F 7 ).
Jacobi Sums of Order 7
The algebraic integer
Thus K is the subfield of L left-invariant by the subgroup of order 3 of g generated by σ 2 .
Proposition 3. Let
Then j = j(1, 2) = j(2, 4) = j(4, 1) = j(1, 4) = j(2, 1) = j(4, 2),
There is no ambiguity in the real part of j, since (−1/7) = −1. Moreover Re j 7 = +1, Re j ≡ 1 (mod 7).
The sign of the imaginary part of j depends on the choice of χ.
Proof. From Example 1, we know that the six Jacobi sums in the Proposition are identical. Since σ 2 .j = j(2, 4) = j, the Jacobi sum j is in Z[α]. Since |j| 2 = q, there are two numbers a and b in (1/2)Z such that j = a + b √ −7, with q = a 2 + 7b 2 . One readily checks that a and b belong to Z, and one applies Ihara's congruence (2).
Zeta Functions of Forms of the Klein Quartic
The numerator of the zeta function of the quartic X = X(a, b, c) is
by Formula (5), in view of the isomorphism (6). From Example 1, we obtain g.(1, 2) = {±(1, 2), ±(2, 4), ±(4, 1)}.
Let us calculate the various numbers ω(r, s) as (r, s) runs over this orbit. Define
so that
and S(t) =S(t) if t ∈ C.
Theorem 1. Let k = F q be a finite field, where q ≡ 1 (mod 7), and let a, b, c ∈ k × . Let X be the quartic with equation Let χ be a character of k × of order 7, and let c =χ(ab 2 c −3 ). Then
More precisely, if c = ζ w 7 , where w ∈ F 7 , and (w/7) is the Legendre symbol modulo 7, then
Proof. Since χ(−1) 7 = 1, one has χ(−1) = 1 and
for every (r, s) ∈ A. Hence the conjugates of ω = ω(1, 2) are either equal to the Jacobi sum j or its conjugate, twisted by the three roots of unity
This implies
induces a bijection of these isogeny classes to the set {0, 1, −1}. In each isogeny class, the number of points over k is given by
In the following, we assume c(d) = ζ w(d) = 1 and define two numbers
By Proposition 4, these numbers are integers, and moreover, N ±1 ≡ 1 (mod 7). Acknowledgement. I would like to thank Alain Barichard for his assistance during the preparation of this work.
